In this paper we find new integral representations for the generalized Hermite linear functional in the real line and the complex plane. As application, new integral representations for the Euler Gamma function are given.
G H (τ ), of index τ ∈ C, with τ = −n, n ≥ 1, given by its moments (G H (τ )) n≥0 , with (G H (τ )) n := G H (τ ) where (a) n is the symbol of Pochhammer, defined as (a) 0 := 1, (a) k := a(a + 1) · · · (a + k − 1), a ∈ C, k = 1, 2, 3, . . . ,
thus G H (τ ) is symmetric and monic, i.e., (G H (τ )) 0 = 1. Note if we set τ = 0 in (1) we get the Hermite linear functional G H ≡ G H (0), that is well-known by its integral representation:
So, we can write (G H (τ )) n = (τ + 1) n n! (G H ) n , n = 0, 1, 2, . . . .
Recall that the linear functional G H is classical since it is quasi-definite and satisfies the following first-order functional equation:
The following result give us a linear differential equation which satisfies G H (τ ) for a general τ ∈ C:
Lemma 1 For each fixed τ ∈ C, the linear functional G H (τ ) satisfies the following second-order functional equation:
2 + (τ + 1)(τ + 2))G H (τ ) = 0 P ′ .
Proof: Let τ ∈ C, if we define the linear functional E (τ ) as
then for every n ≥ 0,
On the other hand, G H (τ ) is symmetric so (E (τ )) 2k+1 = 0, for every k ≥ 0. Setting n = 2k in (5) and taking into account (1), we get
Therefore (E (τ )) n = 0 for every n ≥ 0 and the result holds.
Our purpose in this work is to provide integral representations for the linear functional G H (τ ), either on the real axis, or on the complex plane. More precisely, the problem consists in to determinate a weight function
where Ω is the real axis R, or a contour in the complex plane.
The paper is organized as follows. In the next section some preliminaries and notation. In Sections 3 and 4 integral representations in the real line and in the complex plane, respectively, are given. As application of the previous results, in Section 5 some new integral representation for the Euler Gamma function are given.
preliminary and notation
Let P be the vector space of polynomials with coefficients in C and let P ′ be its dual. We denote by u, f the action of the linear functional u ∈ P ′ on the polynomial f ∈ P. In particular, we denote by (u) n := u, x n , n ≥ 0, the moments of u. Let us introduce some useful operations in P ′ , for any linear functional u, and any polynomial f , let Du = u ′ , f u be the linear functionals defined by duality, as:
Recall that a linear functional u is called symmetric if (u) 2n+1 = 0, n ≥ 0, and monic if (u) 0 = 1.
By other hand, let us fix τ ∈ C, the symmetric property of the linear functional G H (τ ) allows us to suppose that the weight function G H (• ; τ ) is even and written as follows: 
Proof: From the assumption there exists a function L, defined on (−∞, ∞), such that
Let us introduce the two following functions, defined on (0, ∞), as follows:
On the other hand, from the assumption L is symmetric and the fact that
Moreover, for later results we need the following Lemma related with hypergeometric functions:
Lemma 3 [1, 3] The following formulas holds:
In the sequel we will denote by H τ (x) the Hermite function (of degree τ ), where τ ∈ C. For these functions is well-known it expression in terms of the confluent hypergeometric function 1 F 1 , as follows [3] :
The Hermite function satisfies the following properties:
-the power series representation:
-the recurrence relation:
-the second order linear differential equation:
-another recurrence relation:
-asymptotic representation for large real x and fixed τ :
-asymptotic formula:
3 Integral representation on R.
In the following Lemma, we give a new definite integration formulas involving the Hermite function:
Lemma 5 For each (z, τ ) ∈ C 2 , with ℜ(z) > −1, we have the following formulas:
Proof: Since the function |x| ν H τ (|x|)e −x 2 is even, then is enough to probe that (15) fulfills.
Let us start by fixing τ ∈ C, with ℜ(τ ) > −1. For each z ∈ C, with −1 < ℜ(z) < ℜ(τ ), let us consider the following integral:
Using (8), the previous integral can be written as
where
By changing the variable of integration, by setting t = x 2 , and using (6), with s = 1, α = (z + 1)/2, a 1 = −τ /2, and b 1 = 1/2, we obtain
Again, with (6), where s = 1, α = (z + 2)/2, a 1 = (1 − τ )/2, and b 1 = 3/2, we get
Since ℜ(z) < ℜ(τ ), by using (7) Π(z) and Ω(z) can be written as
) .
Therefore, taking into account the known formula Γ(
) = π, the Eq. (17) can be rewritten as follows,
Using the duplication formula:
, a straightforward calculation leads to
Then,
By using the Gauss-Legendre multiplication formula:
and the duplication formulas, we get
For this proof we assumed the conditions ℜ(τ ) > −1 and −1 < ℜ(z) < ℜ(τ ), but clearly, the integral Λ(z) converges exponentially, of course assuming ℜ(z) > −1, at zero when τ → ∞. Hence, by analytic continuation, (17) is valid for each (τ, z) ∈ C 2 , with ℜ(z) > −1. As a consequence we have the following result:
Corollary 7 For each τ ∈ C, such that ℜ(τ ) > −1, the following formulas holds.
Theorem 8 For each τ ∈ C, such that such that ℜ(τ ) > −1, the linear functional G H (τ ) has the following integral representation:
where H τ is the Hermite function (of degree τ ).
Proof: From (1) and (16), we have
Consequently,
Note that setting n = 0 in Eqs. (21)- (22) we get news integral representations for the Euler Gamma function, since it follows for each τ ∈ C, with ℜ(τ ) > −1,
4 Integral representation on the complex plane Theorem 9
i) For any τ ∈ C, we have
ii) For any τ ∈ C \ Z, we have
where C 1 is the following contour in the complex plane:
C1
Proof: We deform C 1 into a contourC 1 consisting of two straight lines and a circle as follows:
where γ := {ζ ∈ C : ℑ(ζ) > 0, |ζ| = ǫ}, being ǫ > 0. Now, for each integer n ≥ 0 and τ ∈ C, we define
and if ℜ(τ ) > −n − 1, we easily calculate
For the middle integral we find
, it is straightforward to see that
Therefore, for each integer n ≥ 0 and τ ∈ C, such that ℜ(τ ) > −n − 1,
Clearly, I 2n+1 (τ ) = 0. Note that the proof of i) assumed that ℜ(τ ) > −n − 1, but the integral converges exponentially when τ → ∞, and therefore it exists for all τ . Hence i), holds by analytic continuation for any τ ∈ C.
On the other hand, by using (21), it follows that
Hence ii) holds, for the same reason already quoted and by analytic continuation for any τ ∈ C, except when 2n + τ + 1 is a negative integer, where the Γ is not defined.
As a consequence, we have
Theorem 10 For any τ ∈ C\Z, the linear functional G H (τ ) has the following integral representation:
Note that taking n = 0 in (ii) of Theorem 9 we find a new integral representation for the Gamma function in the complex plane which can be written as follows:
Using an analog idea allows us to formulate another integral representation for the gamma function in the complex plane, by using a different contour.
Theorem 11 For every τ ∈ C \ Z, the euler Gamma function satisfies the following integral representation:
where C is the following contour in the complex plane:
We deform C into a contourC consisting of two straight lines and a circle as follows:
and, if ℜ(τ ) > −1, we easily calculate
For the middle integral we find hence the result holds. In the proof we have assumed that ℜ(τ ) > −1, but the integral (27) converges exponentially at infinity, and therefore it exists for all τ . In fact, by analytic continuation the result is valid for every complex τ , except for the negative integers, where the denominator vanishes.
In addition, we can obtain from the last representation another one, Γ(τ + 1) = 2e This leads to the desired result.
